Chapter 16: Integrals and Vector Fields
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The shell’s center of mass is the point (0, 0, 1 /1n 2). g

Exercises 1 6.

Surface Integrals of Scalar Functions
In Exercises 1-8, integrate the given function over the given surface.

1.

11.

12.

. Circular cylinder

Parabolic cylinder G(x,y, z) = x, over the parabolic cylinder
y=x0=x=<20=<z<3
G(x, y,z) = z, over the cylindrical surface
V+2=47:=01=x=<4

. Sphere G(x,y, z) = 1%, over the unit sphere x*> + y*> + 22 = 1

. Hemisphere G(x,y, 7) = z% over the hemisphere x* + y* +
'2=ahz=0

. Portion of plane F(x,y,2) = z, over the portion of the plane

x+y+z=4 that lies above the 0==x=1,

0 = y = 1, in the xy-plane

square

. Cone F(x,y,z) =z —x, over the come z= Vx%+ )?

0=z=1

. Parabolic dome H(x,y,z) = x*V/5 — 4z, over the parabolic

domez=1-x2~3y42=0

. Spherical cap H(x,y,z) = yz, over the part of the sphere
J x4+ y? 4+ 22 = 4 that lies above the cone z =

Vix? + y2

. Integrate G(x,y,z) = x + y + z over the surface of the cube cut

from the first octant by the planes x = a,y = 4,z = a.

. Integrate G(x, y,z) = y + z over the surface of the wedge in the

first octant bounded by the coordinate planes and the planes
x=2andy+z=1.

Integrate G(x,y,z) = xyz over the surface of the rectangular
solid cut from the first octant by the planes x = aq,y = b, and
z=c

Integrate G(x,y, z) = xyz over the surface of the rectangular

-. solid bounded by the planes x = ta,y == b, andz = *c.

13,
14.

15.

Integrate G(x,y,z) = x + y + z over the portion of the plane

. 2x + 2y + z = 2 thatlies in the first octant.
‘Integrate G(x,y,z) = xVy? + 4 over the surface cut from the

parabolic cylinder y? + 4z = 16 by the planes x = 0, x = 1,
and z = 0.

Integrate G(x,y, z) = z — x over the portion of the graph of
z = x + y? above the triangle in the xy-plane having vertices (0,
0,0), (1,1, 0), and (0, 1, 0). (See accompanying figure.)

©, 0, 0)/]

" 16. Integrate G(x, y, z) = x over the surface given by

z=x2+4+y for 0=x=1, -l=s=y=1

17. Integrate G(x,y, z) = xyz over the triangular surface with verti-
ces (1,0,0), (0, 2,0), and (0, 1, 1).

+<°(1,0,0)

18. Integrate G(x,y,z) = x — y — z over the portion of the Plaﬂ'::
x + y = 1 in the first octant between z = 0 and z = 1 (see
accompanying figure on the next page).




inding Flux or Surface Integrals of Vector Flelds
Exercises 19-28, use a parametrization to find the flux ff sFrndo
cross the surface in the specified direction.

9, Parabolic cylinder F = z%i + xj — 3zk outward (normal
away from the x-axis) through the surface cut from the parabolic
cylinder z = 4 — y? by the planes x = 0,x = 1,and z = 0

0. Pzrabolic cylinder F = x%j — xzk outward (normal away
from the yz-plane) through the surface cut from the parabolic cyl-
indery = x%,—1 = x =< 1, by the planes z = 0 and 7 = 2

1. Sphere F = zk across the portion of the sphere x? + y2 +
7> = a® in the first octant in the direction away from the origin

2, Sphere F = xi + yj + zk across the sphere x* + y? +
7> = a in the direction away from the origin

. Plane F = 2xyi + 2yzj + 2xzk upward across the portion of
the plane x + y + z = 2a that lies above the square 0 =< x = q,
0 = y = a, in the xy-plane

. Cylinder F = xi + yj + zk outward through the portion of
the cylinder x* + y?> = 1 cut by the planes z = O and z = a

. Cone F = xyi — zk outward (normal away from the z-axis)
through the cone z = Vx2 + 32,0 <z < 1

. Cone F = y% + xzj — k outward (normal away from the
z-axis) through the cone z = 2Vx? + 2,0 =z < 2

, Cone frustum F = —xi — yj + 7%k outward (normal away
from the z-axis) through the portion of the cone z = Vx* + y?
between the planes z = 1 and z = 2

. Paraboloid F = 4xi + 4yj + 2k outward (normal away from
the z-axis) through the surface cut from the bottom of the parabo-
loid z = x? -+ y? by the plane z = 1

Exercises 29 and 30, find the surface integral of the field F over the
rtion of the given surface in the specified direction.

. Flx,y,2) = —i+ 2§ + 3k

S:rectangular surface z = 0, 0=x=<2, 0=<y=3,
direction k
. Fx,y,2) =yl — 2§ + xzk
S:rectangular surfacey = 0, —-1=x=2, 2=z7=7,

direction —j

Exercises 31-36, use Equation (7) to find the surface integral of the
1d F over the portion of the sphere x* + y2 + 72 = 42 in the first
tant in the direction away from the origin.

- Flx,y,2) = zk

- Flx,y,2) = —yi + xj

16.6 Surface Integrals &

33. Fx,y,2) =yl —xj + k
34, F(x,y,2) = zxi + zyj + 2k
35. F(x,y,2) = i + yj + zk

xi+ yj + zk
Va2 +yr + 7

37. Find the flux of the field F(x,y,z) = 7% + xj — 3zk outward
through the surface cut from the parabolic cylinder z = 4 — y?
by the planes x = 0,x = 1, and z = 0.

38. Find the flux of the field F(x, y, z) = 4xi + 4yj + 2k outward
(away from the z-axis) through the surface cut from the bottom of
the paraboloid z = x*> + y? by the plane z = 1.

36. F(x,y,2) =

39. Let S be the portion of the cylinder y = ¢* in the first octant that
projects parallel to the x-axis onto the rectangle R,,;: 1 <y =< 2,
0 = z = 1 in the yz-plane (see the accompanying figure). Let n
be the unit vector normal to S that points away from the yz-plane.
Find the flux of the field F(x, y, z) = ~2i + 2yj + zk across Sin
the direction of n. :

40. Let § be the portion of the cylinder y = Inx in the first octant
whose projection parallel to the y-axis onto the xz-plane is the
rectangle R.: 1 =x = ¢,0 = z = 1. Let n be the unit vector
normal to § that points away from the xz-plane. Find the flux of
F = 2yj + zk through S in the direction of n.

41. Find the outward flux of the field F = 2xyi + 2yzj + 2xzk
across the surface of the cube cut from the first octant by the
planes x = a,y = a,z7 = a.

42. Find the outward flux of the field F = xzi + yzj + k across the
surface of the upper cap cut from the solid sphere
x* 4+ y? + 72 =< 25 by the plane z = 3.

Moments and Masses .
43. Centroid Find the centroid of the portion of the sphere
x? + y? + 72 = q? that lies in the first octant.

44. Centroid Find the centroid of the surface cut from the cylinder
y? + 72 =9,z = 0, by thie planes x = 0 and x = 3 (resembles
the surface in Example 6).

45. Thin shell of constant density Find the center of mass and the
moment of inertia about the z-axis of a thin shell of constant den-
sity 8 cut from the cone x> + y? — z2 = 0 by the planes z = 1
and z = 2.

46. Conical surface of constant density. Find the moment of iner-
tia about the z-axis of a thin shell of constant density & cut from
the cone 4x% + 4y> — z2 = 0,z = 0, by the circular cylinder
x?2 + y? = 2x (see the accompanying figure).




